Let (X, L) be a smooth polarized complex variety of dimension n. In this paper we identify the leading terms of the (reduced) K-energy map with the weight F 1 (λ) provided that (X, L) moves in a good family X f → B. Consequently, we deduce that the properness of the K-Energy map implies the K-Stability of the variety.
§0 Resumé of Results
Let (X n , L) be a compact polarized manifold. Assume L is very ample so that we have an embedding X L ֒→ P N .
In this case ω F S is a Kähler form representing c 1 (L). We consider λ : C * → G := SL(N + 1, C) an algebraic one parameter subgroup. Let ϕ λ(t) be the associated potential. ν ω denotes the K-Energy map. This paper revolves around the following Question What is the asymptotic behavior of ν ω (ϕ t ) as t → + 0? Theorem 1. Assume that (X, L) moves in a good family 1 X. Then there is a function Ψ X : G → R such that −∞ ≤ Ψ X ≤ C and an asymptotic expansion ν ω (ϕ λ(t) ) − Ψ X (λ(t)) = F 1 (λ) log(t 2 ) + O(1) as t → + 0. ( * )
Moreover Ψ X (λ(t)) → −∞ whenever X λ(0) has a component of multiplicity greater than one. F 1 (λ) is the generalized Futaki invariant 2 of the degeneration λ.
Theorem 1, Moser iteration, and a refined Sobolev inequality (see [3] and [4] ) yield the next result.
Theorem 2. Assume that (X, L) moves in a good family. If ν ω is proper then X is K-Stable. X is K-Semistable provided ν ω is bounded from below. Definition 1. A polarized manifold (X, L) is said to move in a good family provided there exists a diagram:
Such that i) X and B are smooth (complex) varieties.
ii) L is relatively very ample on X and P(f * L) ∼ = B × P N .
iii
There is an action of G on the data commuting with all the projections.
We can also consider a closely related situation. Let E be a holomorphic vector bundle on P(f * L). S ∈ H 0 (E) a generic section with zero locus X. We do not assume that X is smooth. However the map X f → B is a local complete intersection morphism in the sense of Fulton (see [5] ). In this case f is not flat, so we need to restrict attention to a large G invariant open set where f is flat.
Previous Results
The results in this paper depend on our work in part I which we now summarize for the readers benefit. Consider a (proper) flat family (X, L) f → B. L is a relatively ample line bundle on X. Let m be an integer large enough so that R i f * (L ⊗m ) = 0 when i > 0. In this case f * (L ⊗m ) is a locally free sheaf of rank r m , and we may define the determinant There are invertible sheaves M n+1 , M n , . . . , M 0 on B and a canonical isomorphism
We make the following assumptions.
ii) The map Pic(B)
Then there is a canonical and functorial isomorphism of invertible sheaves on B.
. is the Hilbert polynomial of the family and µb n := 2b n−1 . Moreover, the first Chern class is given by the Reimann Roch formula.
We remark that the sheaf on the right hand side of (0.1) should be taken as the definition of the CM polarisation .
In the present paper we do not need condition ii) of Theorem 3. What is indispensable for us is (0.2) and the next result.
We have defined F 1 (λ) by the formula
For more information on Hilbert schemes and Chow forms see [7] and [8] . §1 Introduction
We define P (X, ω) := {ϕ ∈ C ∞ (X) : ω + ∂∂ϕ > 0}. This is the usual description of all Kähler metrics in the same class as ω (up to translations by constants). It is not an overstatement to say that the most basic problem in Kähler geometry is this:
This is a fully nonlinear fourth order elliptic partial differential equation for ϕ. µ is a constant, the average of the scalar curvature, it depends only on c 1 (X) and [ω] . ( * ) is actually a Variational problem. There is a natural energy on the space P (X, ω) whose critical points are those ϕ such that ω + ∂∂ϕ has constant scalar curvature (csc). This energy was introduced by T. Mabuchi ([9] ) in the 1980's. It is called the K-Energy map (denoted by ν ω ) and is given by the following formula
Above, ϕ t is a smooth path in P (X, ω) joining 0 with ϕ. The K-Energy does not depend on the path chosen. We have the well known formula, which clearly exhibits the behavior of this energy.
The definitions of I ω and J ω are as follows.
We have written this down in the case when ω = (+/−)c 1 (X). There is a similar expression in the general case. There are a number of important results concerning this energy. We recall these now.
• (S. Bando and T. Mabuchi [10] ) If ω = c 1 (X) admits a Kähler Einstein metric then ν ω ≥ 0.
Before we proceed to the next result, let us first define the notion of properness. This concept was introduced by the second author in [11] .
• (Tian [11] ) Assume that Aut(X) is discrete. Then ω = c 1 (X) admits a Kähler Einstein metric if and only if ν ω is proper.
The next result has recently been established by the second author and Xiuxiong Chen. It holds in an arbitrary Kähler class ω.
• (X.X. Chen and G. Tian [12] ) Assume that ω admits a metric of csc. Then ν ω ≥ 0. These results should explain our interest in the asymptotic behavior of the K Energy map. In particular these facts motivate the notions of generalized Futaki Invariant and K-Stability. [11] , [1] ) Let X be projective algebraic scheme embedded in P N . Then X is K-Stable if F 1 (λ) < 0 for every one parameter subgroup λ of SL(N + 1, C). Semistability allows ≤ in the previous inequality. [13] and [14] for further discussion) denote the mth Hilbert point of X in P N . Let λ be an algebraic one parameter subgroup of SL(N + 1, C). Then the weight w λ (Hilb m (X)) of the action of λ on this point is given by a numerical polynomial of degree at most n + 1 (see [15] )
Let P (m) = h 0 (X, O P N k (m)) be the Hilbert polynomial. Following Donaldson [1] we define F 1 (λ) as the coefficient of 1 m in the expansion
In order to connect these notions to the K-Energy map we now give a careful account of how to associate an admissible potential ϕ λ(t) to a one parameter subgroup of SL(N +1, C). Let (X, L) be a polarized manifold. For k >> 0 we have the Kodaira embedding
Furnished by some basis {S 0 , . . . , S N k } of H 0 (X, L k ). Observe that with the natural hermitian metric on H 0 (X, L k ), the induced Fubini-Study metric on P N k is related to the curvature of the initial metric on L by the formula
We conclude that
Where ϕ σ is given by the formula
We let {T 0 , . . . T N k } denote the corresponding change of basis
Then we have
Putting these ingredients together gives
Therefore, if we fix a basis of H 0 (M, L k ) we get a natural map
Next, let λ be an algebraic one parameter subgroup of SL(N k + 1, C), that is, an algebraic 4 homomorphism λ : C * → SL(N k + 1, C) .
It is easy to prove that any such λ(t) can be diagonalised, and we will just assume that this is so
The exponents m i satisfy 0≤i≤N m i = 0.
Putting all of this together we have arrive at the following formula.
The K-Energy map is the log of a singular metric on L ∨ CM Now we recall how the K-energy map can be viewed as a singular norm on the CM polarisation (see [11] for complete proofs ). This fact allows us to find the precise asymptotics of the K-energy map along any one parameter subgroup λ.
Observe that GX z is biholomorphic to G × X z . Then we have the following diagram, where p z denotes the evaluation map, i.e. p z (σ) := σz.
Given z ∈ B \ ∆ we can consider K Xz , the canonical bundle of the fiber X z . These fit together holomorphically into a line bundle K ∞ on X \ f −1 (∆). On the other hand, we have the relative canonical bundle K f of the map f (which lives on all of X)
When we restrict this sheaf to X \ f −1 (∆) we have an isomorphism
Since ι * p * 2 ω F S restricts to a Kähler metric on f −1 (z) (z ∈ B ∞ ) and hence induces a Hermitian metric on the bundle K ∞ . We denote its curvature by R(ι * p * 2 (ω F S )). Let g X and g B denote two Kähler metrics on X and B respectively. In this way we obtain a metric on the relative canonical bundle K f . We let R f denote its curvature
In this way we obtain two metrics on the relative canonical bundle over the smooth locus. The curvatures of these metrics are not the same. The relation between them is given in the following "∂∂ lemma along the fibers".
Lemma 0.1. There is a smooth function Ψ :
The next result is a pointwise version of (0.2) from the previous section.
Lemma 0.2. There is a continuous Hermitian metric || || CM on the CM polarization such that, in the sense of currents we have
Now we pull back the curvature form of K ∞ to GX z R G|Xz := p * z,2 (R(π * 2 (ω F S ))).
Recall that for σ ∈ G we define ϕ σ by the relation
Let ν ω,z (σ) denote the K energy of (X z , ω F S ) applied to the potential ϕ σ . With these notations in place we have the following result. 
The identity
together with the previous lemmas yields the following.
Since π 1 (G) = 1 there is an entire function ξ on G such that .
Given this proposition, we proceed as follows. First specialize σ = λ(t) in the above proposition. Then we have the string of identities:
The passage from line 3 to 4 follows from the defining property of the weight (see the introduction to [14] ). The passage from line 4 to 5 is the statement of (0.3). This completes the proof of Theorem 1. §3.1 Properness Implies K-Stability
In this paragraph we deduce the K-Stability from the properness condition. Let
Then, as we have seen, ϕ t ∈ P ω . Following Yau [16] , our plan is to use the standard Moser Iteration to control Osc(ϕ t ) by I ω (ϕ t ). Define
Let p ∈ Z + . Then we have the (obvious ) inequality
Trivially this implies
Next integrate by parts on the leftmost side of this inequality
Since ϕ − ≥ 1 we deduce the gradient estimate
We concentrate on the outermost inequality 4p [3] , [4] ) There is a positive constant δ = δ(n) such that for all σ ∈ SL(N + 1, C) we have
Now we invoke the Sobolev inequality
Now extract the p + 1st root of both sides to get
. Now we start the standard iteration: Let p 0 := 1 and p j+1 + 1 := n n−1 (p j + 1). Then we have that ||ϕ − || p j+1 +1 ≤ C That is to say
It is not hard to check that the infinite product converges. Taking limits as j −→ ∞ gives
Since ϕ t ≤ C as t → 0 we have
Now, by the Green identity we deduce
Using the properness assumption gives:
f (Osc X (ϕ t )) ≤ ν ω (ϕ t ).
Now we are prepared to complete the proof of Theorem 2.
Case 1:
Assume that X λ(0) = X and moreover that X λ(0) is reduced, then by the same argument as in [11] we have lim t→0 Osc X (ϕ t ) → ∞.
Consequently we deduce that lim t→0 ν ω (ϕ t ) → ∞.
Theorem 1 yields the precise asymptotics 5
ν ω (ϕ λ(t) ) = F 1 (λ) log(t 2 ) + O(1).
This forces the desired sign F 1 (λ) < 0.
Case 2:
If X λ(0) is nonreduced, then Ψ(λ(t)) → −∞, however, under the properness assumption the K-Energy is bounded from below, and we again have that F 1 (λ) < 0.
